Abstract. The discreteness problem, that is, the problem of determining whether or not a given finitely generated group G of orientation preserving isometries of hyperbolic three-space, H 3 is discrete as a subgroup of the whole isometry group Isom(H 3 ), is a challenging problem that has been investigated for more than a century and is still open. It is known that G is discrete if, and only if, every non-elementary two generator subgroup is. Several sufficient conditions for discreteness are also known as are some necessary conditions, though no single necessary and sufficient condition is known. There is a finite discreteness algorithm for the two generator subgroups of Isom(H 2 ). But the situation in H 3 is more delicate because there are geometrically infinite groups.
Introduction
The discreteness problem, that is the problem of determining whether or not a given finitely generated group G of orientation preserving isometries of hyperbolic three-space, H 3 is discrete as a subgroup of the whole isometry group Isom(H 3 ), is a challenging problem that has been investigated for more than a century and is still open. It is known that G is discrete if, and only if, every non-elementary two generator subgroup is [16] . Several sufficient conditions for discreteness are also known, such as the Poincaré Polyhedron Theorem [17, 22, 4] , as are some necessary conditions, most notably Jørgensen's inequality [15] . No single necessary and sufficient condition is known, though.
Gilman and Maskit, [6, 14] , building upon work of [25, 26, 27] solved the discreteness problem for two generator subgroups of Isom(H 2 ) by producing Date: August 4, 2015. Some of this work was carried out while the author was a visitor at ICERM. This work was supported by a CUNY Collaborative grant and grants from PSC-CUNY.
an algorithm that, given a set of generators, decides after finitely many steps whether or not the group is discrete. The situation for isom(H 3 ) is more delicate than that for Isom(H 2 ) because Isom(H 3 ), unlike Isom(H 2 ), admits finitely-generated subgroups that are "geometrically infinite ", in the sense that they do not admit a fundamental domain that is a finitesided polyhedron. Our goal in this paper is lay out an "algorithm "
1 that is analogous to Gilman and Maskit's, but that provides a partial solution for Isom(H 3 ): if the procedure fails to terminate, the group in question is either not discrete or not geometrically finite. When it does terminate, there is still work to do, as we shall see below.
There is a standard way [7, 9, 11, 12] of associating a right-angled hexagon in H 3 to each pair (A, B) of generators of a non-elementary subgroup G = A, B of isom(H 3 ). Our basic tool is a generalization of the notion of convexity in H 2 to these hexagons in H 3 . We call such a hexagon "canonical", because it is not convex in the usual sense, and the strong term "canonical"seems justified because, when G is discrete, free and geometrically finite, it has one such hexagon, and essentially only one. Our process systematically replaces one pair of generators with another, (and hence one hexagon with another), in an attempt to reach a pair that gives a canonical hexagon. It is this process that may not terminate.
One can formulate our procedure in several different ways: in terms of pairs of generators, in terms of hexagons and also in terms of points on the core geodesic in H 3 . The core geodesic L is the common perpendicular to the axes of the given generators A and B. Each generator that appears in the procedure determines a point on L that we call its core point. In the heuristic description that follows, we use the core points.
This paper involves new ideas and results as well as a synthesis of tools and ideas from our previous work, including
• The algebra and geometry of palindromes [12, 11] • The representation order of the rationals [11] .
• An extension of Fenchel's results on hyperbolic hexagons and their geometry [5] , and a new concept, that of a skew-acute right angled hexagon.
• The relationship of the geometry of the hexagons to the algebra of the group. Here we give a heuristic so that the technical details do not obscure the main ideas of the outline. Theorem 1.1. Heuristic: The core sequence & the core points. Let G = A, B be a non-elementary subgroup of P SL(2, C). There is a procedure for constructing a unique, possibly infinite sequence of integers [n 1 , n 2 , . . . , n t ...] that gives a sequence of distinct elements of G and a corresponding sequence of core points lying on the core geodesic in H 3 .
1 By an algorithm we mean a procedure that terminates sometimes and not other times that is usually termed a semi-algorithm.
• If the sequence of core points or an infinite subsequence of distinct core points converges to the boundary of H 3 , then G is either not discrete or geometrically infinite.
• If the sequence of core points has an accumulation point on the core geodesic in H 3 , the group is not discrete.
• If the sequence is finite, the generators at the last step of the procedure correspond to a canonical hexagon. The group is either discrete or not and determination of discreteness must be made by applying various discreteness criteria.
• If G is discrete, free and geometrically finite, it admits a canonical hexagon. The sequence determined by the procedure is finite and the generators at the last step are those of its canonical hexagon. Convention: if t < ∞ we allow n t = ∞. The procedure rules out elliptic elements for each n i . Remark 1.1. Primitive generators of a rank two free group can be identified with the rational numbers [8, 10, 18] . These in turn can be identified with vertices in the Farey tessellation of the upper half plane by ideal triangles. A finite sequence determined by the procedure defines a unique path in the Farey tessellation and determines a rational number. Since G is the image of a rank two free group under a non-elementary representation, when G is discrete the procedure assigns a rational number as well as a path in the Farey tessellation to G with its corresponding set of generators. Remark 1.2. There are several applications of the results in this paper that we plan to publish in a future paper [13] . The first, is an identification of infinite sequences produced by the procedure to irrational numbers. This has interesting implications when G is discrete and free in terms of limits of geodesics in the quotient manifold. The second is an interpretation of the results in terms of the character variety defined by traces of the generators [31, 28] . The third is an interpretation of the procedure in the case when G is discrete, free and geometrically finite as an "unwinding" of the projections of the axes of the generators about the projection of the core geodesic of the quotient manifold This is a generalization of our work on winding and unwinding in [8] .
1.1. Organization and Main Results. The paper is divided into two main parts. In the first part, Sections 2 and 3 we recall some hyperbolic geometry, set our notation and look at the geometry of right angled hexagons. In particular, we prove two lemmas, Lemma 3.9 and 3.10 that are key to the proofs of our main results. In Section 4, we describe the right angled hexagons that can be formed from group elements and we recall the definitions of the Core Geodesic and the set of Core Points [11] . Theses are at the heart of the Procedure. In Section 5 we review the palindromic enumeration scheme for free groups on two generators which we use in the Procedure and in Section 5.3 we review the Representation Order for Core Points defined for any fixed representation of the free group.
The second part comprises the statements and proofs of our main theorems. In Section 6 we introduce the Canonical Hexagon, Definition 12, and show it exists if G is discrete, free and geometrically finite, Theorem 6.1. In Section 7 we define the Procedure that looks for a skew-acute hexagon for the group. In Section 8 we prove our second main theorem, Theorem 8.1, that if the Procedure does terminate then G is either not discrete or not geometrically finite. In Section 9 we prove that the Canonical hexagon is unique, Theorem 9.1, and in Section 10 we prove our third main theorem, Theorem 10.2, that if G is discrete, free and geometrically finite, the Procedure finds its Canonical hexagon.
The group Isom(H 3 ).
We study non-elementary two generator subgroups of the isometry group of hyperbolic three space, Isom(H 3 ). We consider two representations as equivalent if they are conjugate by an isometry. We can represent H 3 as the upper half space of R 3 = {ζ = (z, t) | z ∈ C, t > 0} so that ∂H 3 =Ĉ, the complex sphere. The hyperbolic metric d h is determined by ds 2 = (|dz| 2 +dt 2 )/t 2 . The isometries can be represented as elements of P SL(2, C) and, as such, have a trace that is well defined up to sign. Note that a subgroup of P SL(2, C) can be lifted to SL(2, C) if and only if it contains no elements of trace zero. [20] .
There is a geodesic joining any pair of distinct points x and y in H 3 and the points where its closure intersects ∂H 3 , are called the ends of the geodesic. Using Fenchel's terminology, if the ends are distinct the geodesic is proper and if they coincide it is improper . With this convention we use the term geodesic and do not distinguish between proper or improper except where necessary. Using it we define the axis of any isometry as the geodesic joining the fixed points on ∂H 3 .
In addition to the hyperbolic distance between points defined by hyperbolic metric H 3 , we use Fenchel's notion of the complex distance. We can also define the notion of complex distance as a distance on the on the tangent space T H 3 as we will need the distance between the parallel transport of certain vectors and certain fixed vectors.
We do not distinguish between a matrix and the corresponding isometry unless necessary. That is we let let M be the diagonal matrix that induces the transformation z → λz with multiplier λ and consider its trace which is 2 cosh δ 2 where δ = log λ = x + iθ. Here δ is the complex distance that M moves a point and we choose the branch of the logarithm so that x ≥ 0 and θ ∈ (−π, π).
Since we want to understand this distance in terms of vectors at the vertices of the hexagons, we construct parallel transports of these vectors. We describe the actions of elliptic and loxodromic isometries that leave the taxis invariant because they are easiest to visualize. These invariant geodesics are called axes of the isometries. Definition 1. Let ζ 1 = (z 1 , t 1 ) and ζ 2 = (z 1 , t 2 ) be points in H 3 and let γ be the geodesic joining them. Let V 1 be a vector in T H 3
. Let − → V 1 be the parallel transport of V 1 from ζ 1 to ζ 2 along γ.
(1) Let x = d h (ζ 1 , ζ 2 ) be the hyperbolic distance from ζ 1 to ζ 2 and (2) let θ be the angle from
The complex distance between (ζ 1 , V 1 ) and (ζ 2 , V 2 ) in T H 3 is defined as
If M is elliptic, x = 0 and points on (0, t 0 ) are fixed. Points (z 0 , t 0 ) are sent to (e iθ z 0 , t 0 ); that is rotated around the axis by the angle θ. In addition, M induces an action on the tangent space at (0, t 0 ), T H 3 (0,t 0 ) : If we denote any vector tangent to H 3 at (0, t 0 ) by V , then M (V ) is another vector tangent to H 3 at (0, t 0 ), and the angle between V and M (V ) is θ. If θ = π/2, M is an involution and is called a half-turn. Half-turns will play an important role in our work. Note that they take any geodesic perpendicular to its axis into itself, interchanging its endpoints.
If M is loxodromic, a point (0, t 0 ) is sent to (0, e x t 0 ) at hyperbolic distance x from (0, t 0 ). Points (z 0 , t 0 ) are sent to (e x+iθ z 0 , e x t 0 ); that is, they are translated and rotated. Again there is an induced action on the tangent space.
Let V be any vector in the tangent space at (z 0 , t 0 ), T H 3 (z 0 ,t 0 ) . Then M (V ) is a vector in the tangent space T H 3 (e x+iθ z 0 ,e x t 0 ) .
If
− → V is the vector at (e x+iθ z 0 , e x t 0 ), obtained by parallel transport of V along the geodesic from (z 0 , t 0 ) to (e x+iθ z 0 , e x t 0 ), then the angle from
Remark 2.1. Note that the complex distance between the points in the tangent space of points on the axis and their image under a non-parabolic T is the same as the complex translation length of T as defined, for example, in [5] .
Remark 2.2. If T is parabolic, its axis is an improper geodesic whose common ends are fixed and its complex translation length is zero.
Geometry of Hexagons and Notation
In this section we use some material and notation from Fenchel, [5] . Fenchel defines a right angled hexagon as a piecewise geodesic closed curve H in H 3 composed of six geodesic lines S i , i = 1, . . . 6, such that for each i, taken mod(6), S i and S i+1 meet at right angles. In H 3 , any pair of geodesics with disjoint endpoints have a common orthogonal. If they share an end, there is no orthogonal, but there is a family of horocycles orthogonal to them. Given an arbitrary triple of geodesics with distinct ends, S 1 , S 3 , S 5 , either they share a common orthogonal or there are three distinct orthogonals, S 2 orthogonal to S 1 , S 3 , S 4 orthogonal to S 3 S 5 and S 6 orthogonal to S 5 , S 1 .
We consider three generic types of hexagons:
A hexagon H is called degenerate if three of its alternating sides have a common orthogonal. A hexagon that is not degenerate is reduced if one or more of its sides has zero hyperbolic length and regular otherwise. A side of a reduced hexagon with zero hyperbolic length is called a reduced side.
Unless otherwise noted, when we refer to an arbitrary hexagon we assume it is not degenerate. Similarly, when we refer to geodesics, unless noted, they are assumed proper.
We note that each side of a hexagon will have a hyperbolic length which might be zero. If it is proper, however, its complex length will not be zero. If a hexagon has an improper side the hyperbolic and complex length of that side is zero.
do not have a common orthogonal, the triple determines a right angled hexagon that is not degenerate; it may be either regular or reduced.
Remark 3.1. Traversing the hexagon gives a natural orientation to its sides. We will use this orientation in this paper. Fenchel doesn't use this idea. His hexagons have no orientation; each side is an oriented line. Later we will consider hexagons that are standardly associated to a two generator group so that three of the sides are axes of transformations determined by a group of isometries. A loxodromic group element has an inherent orientation from its repelling to its attracting fixed point and the orientations on the sides induced by the group elements does not, and cannot be made to agree with the orientation imposed by traversing the hexagon.
It is sometimes useful to differentiate between the segments of the geodesic between the vertices of the hexagon and the geodesics containing them. We will distinguish them in our notation by referring to the segment contained in the geodesic S i as σ i . Here and in the sequel, the notation for objects in a hexagon is always taken mod 6.
3.1. Side lengths and angles at the verticies. We want to define the complex lengths of sides σ i of the hexagon in terms of the complex distance we defined in Section 2.
We note that in addition to the right angles at the vertices, there are other angles in three space that we need to consider, angles between certain tangents. If we denote the vertices of the hexagon by p i so that p i = σ i ∩σ i+1 , we will need to work with the following four vectors in the tangent space at p i : V i , the tangent vector to σ i at p i , the forward parallel transport, − − → V i−1 that is the parallel transport of V i−1 along σ i from p i−1 to p i , the backward parallel transport, ← − − V i+1 , that is the parallel transport of V i+1 backwards along σ i+1 from p i+1 along σ i+1 to p i , the normal, N i , that is the perpendicular to both V i and ← − − V i+1 so that the three form a right handed system.
The right angle condition of the hexagon says that the angle from
Definition 3. The complex length of the side σ i of a right angled hexagon is the complex distance
The imaginary part is called the parallel transport angle, or just the transport angle.
We can easily use the equivalent definition in light of Remark 2.1.
Definition 4. Given two sides, S i−1 , S i+1 , of a right angled hexagon, there is a loxodromic isometry M i that takes the oriented line S i−1 to the oriented line S i+1 and has S i as its axis. The complex length of the hexagon side σ i contained in S i is the complex translation length of M i , cx(M i ) = x i + iθ i where x i ≥ 0 is the hyperbolic length of σ i and the branch of the logarithm is chosen so that imaginary part satisfies, −π < θ i ≤ π.
2
If five geodesics form a right-angled pentagon, we think of it as a rightangled hexagon where one side has length zero, that is, a reduced hexagon. We add a sixth side, say S 6 between S 5 and S 1 . This side must be perpendicular to both V 5 and ← − V 1 and have hyperbolic length zero; that is x 6 = cx(σ 6 ) = 0.
The next two propositions show that there are also certain restrictions on the values that the complex lengths of the sides of a hexagon may take. Their proofs depend on hyperbolic analogues of the hyperbolic cosine and sine rules in H 2 . These can be derived using products of half-turns. They show that the complex length of a side of a hexagon is a continuous function of the endpoints of all the sides. 
2 Our definition of the complex length of the side of a hexagon is slightly different from Fenchel's. He allows the real part of the complex length to be negative. Our definition agrees with the concept of the complex translation length of an isometry. The only place this may make a difference is in the application of the Cosine rule, (Theorem 3.2) where a negative x needs to be replaced by −x + πi, but it doesn't affect any of our arguments.
In addition to these rules we need some notation to prove the propositions. Define the standard plane P i as the plane through p i spanned by V i and N i or equivalently the plane normal to ← − − V i+1 at p i . Note that P i contains S i and σ i by definition. The equivalence of the two definitions follows, for example, from [5] page 31.
The plane P i divides H 3 into two half-spaces: if we travel along S i from p i−1 to p i , we denote the half-space that lies on the right by H + i and the half-space that lies on the left by H i − .
Proposition 3.3. Given a hexagon, with side lengths x j + iθ j , i = 1, . . . , 6, at most three of the imaginary parts can satisfy θ j = ±π/2.
Proof. Note first that if all the θ j = ±π/2, the cosine rule implies at least one real part is zero. Say x 2 = 0. The sine rule then says x 4 = x 6 = 0. Now applying the cosine rule again three times we obtain x 1 = x 3 = x 5 = 0. The hexagon reduces to a point. Next assume that θ j = ±π/2 for four of the j ∈ {1, 2, 3, 4, 5, 6}. Up to cyclic order these four are {1, 2, 3, 4},{1, 2, 4, 5} or {1, 2, 4, 6}. We may assume without loss of generality that θ 1 , θ 4 = ±π/2 so that
Using the sine rule we see that cx(σ k ) = it k , t k ∈ R, for both of the indices omitted in each of the three cases. We conclude therefore that cx(σ k ) = x k ± iπ/2 for both and hence all six indices. By the first part of the proof, the hexagon reduces to a point.
Definition 5. We refer to a parallel transport angle that is greater than π/2 in absolute value as a large angle and one that is smaller than π/2 in absolute value as a small angle.
We will relate this terminology shortly to geometric properties of the hexagon but first we need the following lemma about transport angles. 
, and P i is spanned by N i and V i ; it follows that σ i−1 (and hence p i−2 ) also lies in P i . Then, using the right hand rule, and that θ i is measured from
If |θ i | = π/2, the plane containing both σ i and σ i−1 is different from P i . Assume now for argument's sake that
points to the opposite side of P i from − − → V i−1 and if |θ i | > π/2 it points to the same side.
We will see that in order for the hexagon to close up we can have at most two small transport angles and they must be on opposite sides of the hexagon.
Our next step is to apply Lemma 3.4 to show that two adjacent transport angles of the hexagon cannot both have absolute value less than |π/2|. Proposition 3.5. (Small Transport Angles)) For any regular right angled hexagon at most two of the transport angles can be small; that is, satisfy |θ i | < π/2. Moreover, if two of them are small, they must be on opposite sides of the hexagon; that is |θ i |, |θ i+3 | < π/2 for some i.
Proof. If there are no small transport angles we are done so assume that θ i is small. Assume for argument's sake that σ i−1 ∈ H + i . Suppose first that θ i+2 is also small. We consider the standard planes
Now on the one hand, p i+3 ∈ S i+3 and on the other, p i−3 ∈ S i−2 ; this is impossible since p i+3 = p i−3 .
Next assume that θ i+2 is also small. We have
If there were three or more small transport angles there would be both an adjacent pair and a pair of the same parity and both of these possibilities are ruled out by the above arguments. This leaves only the possibilities that there is one opposite pair of small transport angles or none at all.
We are now ready to distinguish two further types of hexagons.
Remark 3.2. The terminology comes from the special case in which the hexagon reduces to a triangle. There the transport angles at the vertices are the usual external angles of the triangle. At least two of the external angles are large and the triangle is acute if all three are. Definition 6. A regular hexagon for which all transport angles are large is called a skew-acute hexagon, a hexagon with two small opposite transport angles is called skew-obtuse and the sides with small transport angles are called the obtuse sides.
Since H can have at most three right transport angles, it has at least one large transport angle. We say hexagons with right transport angles are skew-acute if all three remaining transport angles are large and skew-obtuse otherwise.
We see that these definitions can also be applied to reduced hexagons where some of the sides have zero hyperbolic length. Proposition 3.6. If H reduces to a pentagon, or triangle, at most one of the transport angles can be small, and it must be the angle at a zero length side. If H reduces to a quadrilateral, the two zero length sides may be obtuse.
Proof. Clearly if H is a triangle, it is planar and the sum of the interior angles is less than π so there are at least two internal angles that are less than π/2. The corresponding external angles are greater than π/2 and these are the transport angles. Therefore these large transport angles correspond to the acute interior angles of the triangle. If all three transport angles are large, the triangle is acute in the usual planar sense.
Assume next that H is a pentagon in H 3 and the side σ i has zero hyperbolic length while the others all have positive length. Since σ i has zero length, its endpoints and initial and terminal vectors coincide; p i−1 = p i and
In this case, instead of the standard planes, we consider the planesP i−1 spanned by V i−1 and ← − V i (containing σ i−1 ) and
Since these planes contain a common vector and point, they intersect and divide H 3 into four closed quadrants; p i−1 and p i+2 are each in a different boundary plane of a quadrant we call Q. Now the geodesics S i−2 and S i+2 containing sides both have endpoints in Q ∩ ∂H 3 and therefore their common orthogonal lies in this quadrant. This orthogonal must contain the side σ i+3 . This implies both p i+2 and p i+3 lie in Q which in turn implies all the transport angles, except perhaps the one at σ i are large. This is because if |θ i−1 | < π/2 then p i−2 and p i+2 are in different quadrants. Similarly if |θ i+1 | < π/2, p i−1 and p i+3 are in different quadrants.
If H is a quadrilateral in H 3 , it has two sides with zero hyperbolic length. A straightforward computation with the sine and cosine rules shows that these two sides cannot be adjacent so they are either opposite or have the same parity. The argument is essentially the same as the one above. If one zero length side is σ i , its transport angle may be small. The quadrant Q defined by the planesP i−1 ,P i+1 as above must contain the other sides. Therefore the sides in the planes, that is, sides adjacent to σ i , σ i−1 , σ i+1 have large transport angles. The last side σ i+3 may have an small angle. This is the analog of the situation in Proposition 3.5 for a regular hexagon.
If, however the second zero length side is, say σ i−2 , it is a vertex in the planeP i−1 . If the transport angle for σ i is small, the angle between the planes in Q is obtuse. Then σ i−2 cannot have a small transport angle by essentially the same argument as in Proposition 3.5 . The side σ i+2 is the geodesic joining σ i+3 and σ i−1 and so all three of these geodesics must lie in a quadrant with an acute angle determined by the intersecting planes.
3.2. Altitudes and Skew-Acuteness. We can characterize the skew-acuteness or skew-obtuseness a right angled hexagon in terms of its altitudes. They are defined as follows (see [5] Chap. VI.):
The altitudes of a right angled hexagon H ⊂ H 3 are the common unoriented orthogonals A i,i+3 = A i+3,i to the three pairs of opposite sidelines, S i , S i+3 . The feet of the altitude are the points where the altitudes meet the sides.
Note that the feet may not lie on the sides σ i ; that is, the feet may not fall between the vertices of H but on the prolongations of their sides. In this case the altitudes and the feet are termed exterior. If they do fall on the sides σ i , both the sides and the altitudes are termed interior.
Remark 3.3. For a given altitude we willl show that either that both feet are interior or both are exterior, or, in special cases, they may coincide with a vertex. We will consider these interior also. This fact will follow from the considerations below. We note that there is an Altitude rule for hyperbolic hexagons analogous to the one for Euclidean triangles that says that the longest altitude falls on the shortest side and the shortest altitude falls on the longest side. For these hexagons "long" and short for a side σ refer to the magnitude of | sinh(cx(σ))|.
To simplify notation we write sinh(σ i ), rather than sinh(cx(σ i )), etc., except where needed for clarity. 
Proof. The first equation on each line comes from the Sine rule. We prove only the first line. The others follow in the same way. Form a new hexagon H 1 by taking the pentagon with sides σ 5 , σ 6 , A 14 and the segment ρ 1 of the geodesic S 1 containing σ 1 between the vertex p 6 where it meets σ 6 and the foot f 1 and the segment ρ 4 of S 4 between the vertex p 4 where it meets σ 5 and the foot f 4 and adding a zero hyperbolic length side at f 1 . Form H 2 similarly by taking the pentagon with sides σ 5 , σ 4 , A 36 and the segment ρ 3 of S 3 from the vertex p 3 where S 3 meets σ 4 and the foot f 3 and the segment ρ 6 of S 6 from the vertex p 5 where it meets σ 5 and the foot f 6 and adding a zero length side at f 6 . The hexagons have the side σ 5 in common and the equation follows from combining the Sine law applied to each.
We will prove the hyperbolic analogue of the standard fact about Euclidean triangles that says that if a triangle is acute the altitudes meet inside the triangle and are interior, if it is right, the altitude on the hypotenuse is interior and the other two altitudes coincide with sides and finally if the triangle is obtuse, one altitude is interior, the other two are exterior and the altitudes meet outside the triangle.
For simplicity of statement, we consider altitudes that coincide with a side to be interior. This only happens if the hexagon is reduced.
The next two lemmas are the key to our results in the remainder of the paper. The first is Lemma 3.9 (Altitudes). Given a right-angled hexagon H in H 3 , either H is skew-acute and all three of its altitudes are interior, or H is skew-obtuse exactly one altitude is interior.
Proof. Label the sides so that so that for j = 3, 6, |θ j | > π/2. We can do this by Proposition 3.5. Consider planesP 3 ,P 6 that contain the altitude A 36 and the respective sides σ 3 and σ 6 . They intersect in the geodesic containing the altitude and thus divide H 3 into four quadrants. The other four sides lie in the intersection of half-spaces they determine.
Suppose first that H is regular and skew-obtuse. By our assumption, the obtuse sides are then σ 3 , σ 6 so that |θ 3 |, |θ 6 | < π/2. Applying the argument in Proposition 3.5 using the planesP i instead of the planes P i , this implies that σ 1 , σ 2 and σ 4 , σ 5 lie on opposite sides ofP 6 . The side σ 3 must therefore pass throughP 6 and thus meet A 36 between its vertices; that is, A 36 must be interior. Now, similarly, the (non-obtuse) sides σ 1 and σ 4 lie on opposite sides of P 3 . The altitude A 14 is the common orthogonal of the geodesics S 1 and S 4 containing theses sides and since σ 4 makes a right angle with σ 3 , A 14 must lie completely on one side ofP 3 so both its feet cannot be interior. Similarly, σ 1 and σ 4 lie on opposite sides ofP 6 so A 14 must stay on one side ofP 6 and thus in one of the quadrants formed byP 3 andP 6 forcing both its feet to lie on the prolongations of the sides and the altitude to be exterior. We can argue in the same way to conclude A 25 must lie in another quadrant formed byP 3 andP 6 , and since the altitudes have a common orthogonal, these are opposite quadrants. Its feet must also be exterior.
If H is regular and skew-acute, all four sides, σ 1 , σ 2 , σ 4 , σ 5 lie in the common complement of the planesP 3 ,P 6 . The same is therefore true of both the other pairs of similarly defined planesP 1 ,P 4 andP 2 ,P 5 . Either all the altitudes have interior feet or all of them do not. In the latter case the altitudes cannot have a common orthogonal so that case cannot happen.
Now suppose H is regular and some (less than four) of the transport angles are right. We can assume that θ 3 , θ 6 are not right. Then the arguments above apply as above if we include the bounding planes in the quadrants.
If H is reduced, assume that for σ 6 , x 6 = 0. Then p 5 = p 6 and ← − V 6 = V 6 ; the standard plane P 5 of Proposition 3.5 is normal to V 6 at p 5 and contains σ 5 . The standard plane P 6 is normal to ← − V 1 through p 6 . Since p 5 = p 6 these planes intersect in a line whose direction is that of V 6 ; that is, it is normal to σ 5 and σ 1 . The planes divide H 3 into four quadrants. Recall that in the reduced case all the other transport angles satisfy |θ i | ≥ π/2 so that the other three sides, σ 2 , σ 3 and σ 4 all lie in the same quadrant. This implies that A 36 goes from the vertex σ 6 to a point f on the geodesic S 3 containing σ 3 . Now draw the geodesic α 2 from σ 6 to the vertex p 2 where σ 2 meets σ 3 and another α 3 from σ 6 to p 3 . We have two right triangles sharing the side A 36 , the first with vertices σ 6 , f, p 2 and the second with vertices σ 6 , f, p 3 . This implies f lies between p 2 and p 3 as required. The feet of the other two altitudes depend continuously on |θ 6 |. It is easy to check that if θ 6 is small the other two altitudes cannot meet σ 1 , respectively σ 5 , inside the same quadrant so both have exterior feet; if |θ 6 | is right, they coincide with sides and otherwise they have interior feet.
The second key lemma is a variation of a result in [5] .
Lemma 3.10. (Long-Middle) Let H ∈ H 3 be a skew obtuse right angled hexagon that is not reduced and assume the altitude with interior is A 36 . With the notation x i = cx(σ i ) we have
Conversely, if
and the hexagon is not reduced and skew obtuse, then the altitude whose feet are interior is A 36 and the feet of the other altitudes are exterior.
Proof. As above, P 3 denotes the plane through σ 3 and N 3 ; then σ 4 is normal to P 3 at p 3 , σ 2 is normal to P 3 at p 2 and these normals point to opposite sides of P 3 . Since H is not skew convex, σ 6 intersects P 3 transversally at a point denoted by q 3 . Therefore, if ρ H 3 (r, q) denotes the hyperbolic metric,
and min
It follows that
Repeating the argument with the plane P 6 and adjusting the indices gives the second inequality.
To prove the converse statement, suppose, to the contrary, that A 14 is the altitude with interior feet. By the first part we would have
By the hypothesis then,
implying both x 2 and x 5 are zero and the hexagon is reduced.
Hexagons and the Group
There is a standard method of associating a hexagon to a two-generator group. We review the method and the terminology [7, 9, 11] . Let G = A, B and assume A, B are loxodromic or parabolic elements of Isom(H 3 ). Note that if A and B share a fixed point, then G is abelian, [1] , Chapter 5. We assume, without further mention in what follows, that this is never the case. Given A, B and L we can find geodesics L A , L B orthogonal respectively to the axes of A and B such that A is the product of the half-turn about L A followed by the half-turn about L. Similarly B is the product of the halfturn about L B followed by the half-turn about L. By abuse of notation, we use the same notation for the geodesic and the half-turn about it and for a group element and the geodesic it fixes. We then have
Because the half-turns L A and L send the axis of A to itself, the complex distance δ A between L A and L equals the complex distance between L and A(L A ) and their sum is the complex translation length of A; that is, trA = 2 cosh δ A (and similarly for B) .
The common perpendicular to L A and L B is invariant under the product L A L B . It is clearly the axis of A −1 B and the complex distance between L A and L B on this axis is half the complex translation length of A −1 B.
We call the lines, {L, L A , L B } and all their conjugates under the group, collectively, the half-turn lines determined by G. We note that G is a subgroup of index two inĜ = H L , H L A , H L B and thatĜ and its subgroup G are simultaneously discrete or non-discrete. We remark that the hexagon L (H A −1 ,B ) obtained from H A −1 ,B by applying the half-turn around L is, in our notation, H A,B −1 . The union of the altitudes from L to A −1 B and from L to AB −1 is the common orthogonal to this pair of axes.
The hexagon H A −1 ,B has three altitudes. As we saw above, if it is skewacute all the altitudes are interior whereas if it is skew-obtuse, two of them are exterior and one is interior and the interior altitude joins the obtuse sides. In the Procedure in Section 7, we will be considering hexagons that are skew-obtuse and we will need to be able to decide which are the obtuse sides. For this it will be convenient to label the twelve distinguished points on the hexagon, the six vertices and the feet of the altitudes, in a way consistent with the side(s) they lie on. This means that the vertices will each have two labels and the feet of the altitudes will each have one label.
Label the three points on L as follows: If H is regular, the twelve points are distinct. They determine intervals on each of the side-lines; which of the three points on the line is in the middle gives us information about the geometric type of hexagon we have. We can use either the points on the half-turn sides or the points on the axis sides to decide. If the hexagon is skew-acute, the point inside each of the six intervals is the foot of an altitude; that is a "c"-point or a "γ" point. If it is skew-obtuse, two of the "c"-points or "γ" points are endpoints of one of the intervals.
If (L,
Note that in a skew-obtuse regular hexagon it is possible that some or all of the altitudes have zero hyperbolic length; a "c"-point equals a "γ"-point. The coincident endpoints of the interior altitude are still between the vertices and coincident endpoints of the exterior altitudes are endpoints of the intervals. We note that in a regular hexagon, these are the only possible coincidences; no altitude can pass through a vertex because, if it did, it would have to be a side of a triangle with angle sum at least π/2.
In a regular hexagon, we can use either the intervals on the half-turn sides with the "a, b, c" points or the intervals on the axis sides with the "α, β, γ" points to look at its geometry. In this case we will prefer to use the "a, b, c" points because those on the core geodesic L determine the Representation Ordering that we define in Section 5.3 (See also our paper [11] and the references given there. For reasons that will be clear in Section 7, we can assume that if H is reduced none of the axis sides is reduced; that is, none of the three group elements is elliptic.
Reduced Hexagons.
Under this assumption we want to see which of the points may coincide when some or all of the half-turn sides of H is reduced. As will be clear below, in this case using the "α, β, γ" points to look at the geometry will be more convenient.
(a) If H is a pentagon, by Proposition 3.6, it has at most one obtuse side and this must be the reduced side. Since the reduced side must be a half-turn side, assume for the sake of argument that it is the L side. Then a = b = c. If the hexagon is skew-obtuse, L is obtuse so the altitude on L must be interior and α, β, γ are distinct with γ between α and β. If H is not right, none of the other points can coincide; if it is skewacute the other "c"-points and "γ"-points are between the vertices of their sides and if it is skew-obtuse the other "c"-points and "γ"-points are not between the vertices of their sides. If H is right, the altitude from B to L A coincides with A and the altitude from A to L B coincides with B. Then γ A = a = b = c = γ B , c A = β A and c B = α B . (b) By Proposition 3.6 if H were a quadrilateral with opposite sides reduced, one of the reduced sides would be an axis side, which contradicts our assumption. Thus, if H is reduced and a quadrilateral, the reduced sides must both be half-turn sides. Assume for the sake of 
Farey Sequences and a Palindromic Enumeration Scheme for Free 2-generator Groups.
In this section we consider an abstract rank two free group F = a, b . The element w ∈ F , written as a reduced word in the generators a, b, a −1 , b −1 , is a primitive element of F if there exists another element v such that F = w, v ; (w, v) are called a primitive pair and are primitive associates of each other. [21] . Note that if w is primitive, its inverse is primitive. Moreover, if w is primitive, any cyclic permutation of the word is again primitive. That is, if g ∈ {a, b, a −1 , b −1 } is the first (or last letter) appearing in w, then gwg −1 is also primitive. We denote the class of cyclic permutations of w by [w] .
Given F = a, b , in every conjugacy class of a primitive word there is a unique cyclic class whose elements have minimal word length. In our paper [12] , we gave an enumeration scheme for primitive elements and primitive pairs in which the minimal length word for each primitive conjugacy class is either a palindromic word in a, b or the product of a specific pair of palindromes immediately preceding it in the scheme. Below we recall just enough of the standard theory of Farey sequences of rational numbers to set our notation.
Farey sequences and the Farey tessellation.
The Farey Tessellation of the plane is formed by joining pairs of non-negative rationals p/q, r/s with |ps − qr| = 1 by circles orthogonal to the real axis. The integers are joined to infinity by vertical lines. These circles and lines are disjoint and form hyperbolic triangles with vertices at the Farey triple (p/q, (p + q)/(r + s), r/s). The outer vertices are the called the left and right parents and the middle vertex is called the child.
We can derive this continued fraction for a given real number λ from the Farey tessellation by drawing a hyperbolic geodesic path γ from the point i on the imaginary axis to λ. As γ goes from i to λ, it crosses a sequence of triangles in the Farey tessellation. As it moves from one triangle to the next, it either crosses the side joining the left parent to the child or the right parent to the child. We form a LR sequence adding an L in the first case and an R in the second. The relation between this LR sequence and the continued fraction is that a 0 is the number of L's before the first R; a 1 is the number of R's before the next L, and so on.
If λ is irrational, the sequence is infinite and unique. If it is rational, there is an ambiguity because the last entry can be either L or R. We assume for definiteness that rational sequences end in an L. The sequence of integers, λ = [a 0 , a 1 , . . . , a n , . . .], is the continued fraction of λ.
We note that if p/q is given in lowest terms it makes sense to call it even or odd as pq is even or odd. Because of the determinant condition, given any three vertices in a Farey triangle, two must be even and one odd.
Palindromic Enumeration for Free Groups.
Recall that a palindrome w = w(x, y) in x, y, x −1 , y −1 is a word in these elements that reads the same forward and backwards; in symbols, the palindromic condition is w(x −1 , y −1 ) = w(x, y) −1 .
We have Theorem 5.1. [11, 12] Given a free group F = a, b , the Palindromic Enumeration Scheme associates to every rational λ and its finite L, R sequence, given above, a sequence of primitive words in the generators a, b, a −1 and b −1 of F that are either palindromes or a product of the two unique palindromes that appear immediately before it in the sequence. Pairs of consecutive words appearing in the sequence generate F .
Using the enumeration scheme, we can associate the last word in its Farey sequence to each rational. This gives us a map from the rationals to conjugacy classes of primitive words in the free group. It induces an ordering of these classes induced by the natural order of the rationals on the real line. 5.2.1. The Enumeration Scheme. Start with a rational λ and its LR Farey sequence. ω k = w 0 , w 1 , . . . w k , with w j ∈ {L, R}, j = 1, . . . , k so that the last rational p k /q k = λ.
At each step, the new pair of generators contains one of the previous generators (or its inverse) and a new generator formed from the previous pair by an L or R step. If the generators at step k are a k , b k , the corresponding L, R step are given by
• The L step:
We keep track of the steps we make by adding an L or R to ω after each step.
5.3.
The Representation Order of the Rationals. We recall the representation ordering and its properties from [12, 11] . Let ρ : F → Isom(H 3 ) be a representation of the free group F = a, b into Isom(H 3 ) and set G = ρ(F ), A = ρ(a), B = ρ(b) and let L be the core geodesic (see Definition 8).
In [12, 11] we showed that an element of G has an axis perpendicular to L if and only if it is a palindrome. Therefore the image of every palindromic generator in F has an axis that intersects L and this intersection point is what is termed a core point. Similarly, as we described in Section ??, the image of the product of primitive palindromes also determines a core point on L.
Our scheme enumerates all possible classes [w] of primitive elements for F and assigns to each rational p/q a unique word e p/q ∈ F . Therefore, we have a map from the rationals to elements of G given by
Although the words e p/q and e r/s where |ps − rq| = 1, generate F , unless we know that G is free, we do not know that we obtain all pairs of generators for G in this way. To distinguish those elements of G that are images of primitives of F under the representation ρ we call the image words E p/q ρ * -primitives.
Theorem 5.2. Given a representation ρ of F = a, b into Isom(H 3 ) whose image is G = A, B , there is a map from the conjugacy classes of ρ * -primitive words to the core geodesic L. If E p/q is the representative in the palindromic enumeration scheme of the conjugacy class, its image point on the core geodesic is called the core point corresponding to E p/q .
Recall that the common orthogonal to the axes of A and A −1 B is L A and the common orthogonal to the axes of B and A −1 B is L B . In the Farey triple, (E p/q , E r/s , E p+r q+s ), the palindromes are each orthogonal to L and also to a conjugate of L A or a conjugate of L B . The non-palindromic element is orthogonal to a conjugate of L A and a (perhaps) different conjugate of L B .
Remark 5.1. Note that the ordering of the images of the rationals along the core geodesic is not the same as the order as rational numbers. That is, if we have three rationals p/q < m/n < r/s, it does not follow that we will encounter ρ(E m/n ) between ρ(E p/q ) and ρ(E r/s ) as we move along L oriented from one end toward the other in either direction. This leads us to define the term,the Representation Order of the rationals.
Definition 10. Theorem 5.2 defines an ordering of the rationals on the core geodesic L that depends on the geometry of the image of the representation ρ. It is different for different representations and changes when generators of the image group are changed, that is, when the representation into a fixed group is changed. We call it the Representation Ordering of the rationals.
Main Theorem #1: The Canonical Hexagon Exists
In this section we prove our first main theorem. We show that if G is discrete, free and geometrically finite, we can find a set of elements of G such that G = C, D and the hexagon H C −1 ,D is skew-acute.
We first recall some basic concepts needed to define geometric finiteness. The limit set of G is the closure in ∂H of its loxodromic fixed points. It is the smallest closed G-invariant set in ∂H. The convex hull of G, C(G), is the convex hull in H 3 of its limit set. It is invariant under G. If G is discrete, M = H 3 /G is a manifold or orbifold with a hyperbolic structure. The convex core of G is C(G)/G; it contains all of the interesting geometry of M .
Definition 11.
A discrete group G ⊂ Isom(H 3 )is geometrically finite if its convex core is compact.
Our first main theorem is that a group that is discrete, free and geometrically finite has a pair of ρ * -primitive generators whose corresponding hexagon is skew-acute.
Definition 12.
We call this skew-acute hexagon the Canonical hexagon for G.
Theorem 6.1 (The Canonical Hexagon Exists). If
is a representation whose image ρ(F ) = G = A, B, is a discrete, free, and geometrically finite, then G has a presentation in terms of ρ * -primitives in the palindromic enumeration scheme. That is G = C, D (or G = C −1 , D ) where C and D are ρ * − primitive neighbors such that the hexagon H C −1 ,D is skew-acute. Proof. Let M = H 3 /G and let S be the set of simple closed geodesics in M whose lifts to H 3 are axes of ρ * -primitive elements of G. Because G is geometrically finite, M is a handle-body of genus 2; that is, a hyperbolic three manifold whose boundary is a surface of genus 2.
Assume first that G has no parabolics; then it has a positive radius of injectivity. This implies there is a lower bound on the hyperbolic lengths of curves in S. Since the group is discrete, the set of hyperbolic lengths of geodesics in M is a discrete set. It follows, therefore, that the set S of geodesics that are projections of axes of ρ * -primitives of G has a discrete length spectrum. We can therefore find a simple closed geodesic γ ∈ S that realizes the minimum of the lengths of all curves in S and there are at most finitely many choices for γ. Consider the conjugacy class of ρ * -primitive elements of G whose axes project to γ and let C be the representative determined, up to inverse, by the palindromic enumeration scheme. Again since the length spectrum is discrete, we can find a δ ∈ S that is the shortest geodesic among those such that there are pairs of lifts C,D of γ, δ that form a ρ * -primitive pair for G. Let D be the representative in the class ofD determined up to inverse by the palindromic enumeration scheme.
Either the axis of C or the axis of D or both axes intersect the core geodesic L orthogonally. Assume first that both C and D intersect L. Note that at least one of the core points corresponding to CD and to C −1 D is in the closed subinterval I of L between the core points of C and D. Which one depends on the orientation of the axes; that is the choice of C or its inverse. Orient the axes so that the core point of CD is in I. By Lemma 3.10, the hyperbolic length of the projection γδ of CD is then bigger in absolute value than that of C −1 D. By construction both γδ and γ −1 δ are bigger (or equal) to the hyperbolic lengths of γ or δ. Now consider the hexagon H C −1 ,D formed from the axes of C, D and C −1 D. If H C −1 ,D is skew acute or right we are done, so assume that it is skew obtuse. This means that the core point of C −1 D lies outside I. Applying Lemma 3.10 to C −1 D, we deduce that the hyperbolic length of the projection of the axis of CD −1 is strictly shorter than either γ or δ which contradicts the construction.
If D does not intersect L, the geodesic L C such that C = LL C is a conjugate of either L A or L B and is a common orthogonal of C and D. Applying the above argument with L replaced by L C we see that the hexagon H C,C −1 D is skew acute. Moreover, its sides are the same as the sides of the hexagon H C −1 ,D so it is the same hexagon. A similar argument holds if C does not intersect L.
If G has parabolics, let C be a ρ * -primitive parabolic, again taken as the representative in its conjugacy class corresponding to the palindromic enumeration scheme, up to inverse. If there are no other parabolic conjugacy classes, besides that of C, the geometric finiteness guarantees a shortest geodesic γ represented by an element of G that is the projection of the axis of an element D and such that C, D are a ρ * -primitive pair for G. In this case the argument is the same as above.
If there is another ρ * -primitive parabolic D such that C, D is a ρ * -primitive pair, then D has a representation in the palindromic enumeration, again determined up to inverse. The geodesicL joining the fixed points is either the core geodesic L or a conjugate of either L A or L B . The core points of CD and CD −1 with respect toL are both between its (infinite) ends and there is a choice of orientation so that one of the hexagons
In Section 9 we will show that this skew-acute hexagon for G is unique. This will justify our calling it canonical.
The Procedure-a semi-algorithm
The Procedure defined here is an adaptation of the Gilman-Maskit discreteness algorithm [14] for two generator subgroups of Isom(H 2 ) generated by elements with disjoint axes and the Gilman discreteness algorithm [6] for intersecting axes. In those algorithms the cases with disjoint and intersecting axes were treated separately. The modification of those two algorithms given here doesn't separate these cases.
The point of the Procedure is to try to find ρ * -primitive pair of elements of G whose hexagon is skew-acute. This may not be possible, but if it is, the Procedure will find it. That is, the Procedure is a semi-algorithm that will be finite in the case that the group has a skew-acute hexagon. If we encounter an elliptic element of G at any point in the procedure we stop since the group is clearly not free.
7.1. The Steps of the Procedure. We assume that for the given representation ρ of F = a, b , the elements A = ρ(a), B = ρ(b) are loxodromic. The common orthogonal to their axes, with its orientation from the axis of A to the axis of B, is the core geodesic L and it is fixed throughout the procedure. The orientation allows us to describe the relative position of points on L in terms of left and right.
We want to start by assuming L is not an obtuse side of the hexagon H A −1 ,B . Note that if it is, the transport angle θ along L from A to B satisfies |θ| < π/2. Then, in the hexagon H A,B , the transport angle along L is π − θ; that is, L is not an obtuse side of the hexagon H A,B . Therefore, we can modify the representation before we start the procedure by setting ρ(a) = A −1 .
Below we will always assume that we have made this modification if necessary, and that for the ρ * -primitives A, B the L side of the hexagon H A −1 ,B is NOT obtuse.
If H = H A −1 ,B is skew-obtuse and L is not an obtuse side, the obtuse side pairs are either of the opposite pairs (L A , B) or (L B , A). We will need a way to decide which pair are the obtuse sides. To this end, recall from Section 4 that if H not reduced there is a triple (a, b, c) of core points on L determined by the intersections of the axis sides A, B with L and by the foot of the altitude on L. These core points are ordered along L by its orientation. Because L is not an obtuse side, c must be an outside point; that is, it is either to the left or to the right of both a and b. If it is to the left, we make a step in the Procedure we call an L-step and if it is to the right, we make a step in the Procedure we call an R-step.
It is easy to check using the discussion in section 3 that if a is the middle point, the pair (A, L B ) are the obtuse sides whereas if b is the middle point, the pair (B, L A ) are the obtuse sides. We can also use the points α, β and γ on the A −1 B axis side defined in Section 4 rather than the a, b and c points on half-turn side L to determine which pair is obtuse. If β is the middle point on A −1 B then the pair (A, L B ) are the obtuse sides whereas if α is the middle point, the pair (B, L A ) are the obtuse sides. We do this if H is reduced.
To begin, set
. The steps below show how to determine a new pair of ρ * -primitives A k+1 , B k+1 and a new hexagon H k+1 from the previous pair A k , B k by an L or R step of the palindromic enumeration. Because of the way the new pair is chosen, the side pair (L k+1 , A As we saw in Section 4 there are twelve points on each H k and we can use the relative positions of them to determine whether H k is skew-acute, and if not, which are the obtuse sides.
At each step in the procedure, one of the half turn sides, not necessarily L k , is the core geodesic L. The triple on the half-turn line that is the core geodesic will determine core points for the ρ * -primitives at that step in the procedure. The core points of the representation are well-defined provided the hexagons are all regular.
The LR sequence obtained at step k determines a rational λ k . Using the correspondence between rationals and ρ * -primitives, we see that the rational λ k = p k /q k obtained from the LR sequence is the rational of highest Farey level among the triple corresponding to the ρ * -primitives (A k , B k , A (If H 0 is not degenerate go to step (2).) (2) If any of the axis sides of H k is reduced, the group is either not free or not discrete. Stop.
(Otherwise go to step (3).) (3) Let ω 0 := ∅ be the LR sequence.
Go to step (4) (4) Given H k consider the triple of points (
k B k , and use their relative positions to determine whether H k is skew-acute, and if not, which is the obtuse pair of sides. k B k so we stay within the palindromic enumeration. Now L k+1 = L B k is not obtuse in
because it is obtuse in H A k+1 ,B k+1 and
k so that the transport angle is replaced by its supplement. Set ω k+1 := ω k L. Go to step (4). (c) If H k is skew-obtuse and the obtuse sides are B k and L A k , make an R-step. Set
and note that A −1
k A k so we stay within the palindromic enumeration. Again, as above, the new side L k+1 is not obtuse. Set ω k+1 := ω k R. Go to step (4) (5) Use ω k to form a continued fraction and set it equal to λ k . For each k the procedure determines points a k , b k , c k on L k ; as long as H k is regular, these points are distinct. When H k is reduced, they points can coincide subject to the discussion in Section 4.1.
Note that for those k such that L k = L, the points a k , b k , c k are precisely those points assigned to A k , B k , A −1 k B k by the core representation. One can check that this happens for every other k; that is for all even k.
Remark 7.1. Assume now that each H k is regular so that we can confine our discussion to the points a k , b k , c k on L k . At each step of the Procedure, there is a new point c k determined on L k . If the Procedure does not stop, c k is outside the interval with endpoints a k and b k . Therefore, at every other step, the new point c k is a Core Point and it is to the left or right of all Core Points determined up to this point by the Procedure. This implies that if the Procedure stops, all the Core Points of the ρ * -primitives determined during the Procedure lie in an interval whose endpoints are Core Points determined by the last step of the Procedure.
Main Theorem #2: Non-stopping implies not discrete or geometrically infinite
The Procedure of the previous section may not stop. In that case we have Theorem 8.1 (Non-stopping implies not discrete or geometrically infinite).
If the Procedure does not stop for a given representation G = ρ(F ), then either G is not discrete or G is geometrically infinite.
Proof. Suppose the Procedure does not stop and we obtain an infinite sequence of core points on the core geodesic. The hyperbolic translation lengths of group elements corresponding to the core points is bounded because at each step we do not increase the hyperbolic length. If the points have an accumulation point x on the core geodesic L in H 3 , there is a subsequence of ρ * -primitives E r k we go through in the Procedure whose axes are orthogonal to L and so converge to a geodesic orthogonal to L at x.
Since the translation lengths of the E r k stay bounded, a subsequence must converge to a Möbius transformation. Hence the group cannot be discrete.
If the infinite sequence of core points produced by the Procedure has no finite accumulation point, it must accumulate on ∂H 3 at least one of the endpoints L. The corresponding sequence of ρ * -primitives E r k therefore has a subsequence whose axes project to an infinite sequence of distinct homotopy classes curves going out to an end of the quotient manifold and hence G cannot be geometrically finite.
8.1. A Discreteness condition. If the Procedure does stop after finitely many steps, it produces a skew-acute hexagon. In this case, under some conditions, other tests can be made to decide whether or not the group is discrete, free and geometrically finite. For example Theorem 8.2. If the Procedure stops and finds a skew-acute or skew-right hexagon, consider the planes P k , P A k , P B k through the respective half-turn sides L k , L A k , L B k and orthogonal to the altitudes on them. If these planes bound a domain D k and are disjoint in H 3 then the group is free, discrete and geometrically finite. The planes may meet at ∂H 3 if the hexagon has a parabolic axis side.
Proof. Suppose the planes bound a domain D. It is convex because it is the intersection of half-spaces.
is a finite sided fundamental polyhedron for G because it is bounded by four disjoint planes identified in pairs by A k and B k respectively and satisfies the conditions of Poincaré's Polyhedron theorem [22] . Note that this argument works if the planes are parallel (meet at ∂H 3 ) When G is a subgroup of P SL(2, R), Gilman-Maskit algorithm, [?] and the Gilman algorithm [6] finds a skew-acute hexagon in each case, that of non-intersecting axes and that of intersecting axes. When it finds one, the proof that the resulting group is discrete is different but is equivalent to the above. For example, the condition on the trace of the commutator in the intersecting axes case is equivalent to the planes defined above being disjoint. The procedure in these papers is an algorithm; it gives more information because it always stops and even if one of the ρ * -primitives is elliptic, it continues to a decision about discreteness.
The Procedure in this paper can be extended to include some cases where one or more of the triple (A k , B k , A −1 k B k ) are elliptic. For example, if they all are, the group is a triangle group and discreteness conditions are known. We plan to pursue this in a future paper.
Uniqueness of the Canonical Hexagon and the Farey Dual
In this section we show that, under certain conditions, if G has a skewacute hexagon, the hexagon is unique, up to conjugation by an element of the group and rotation by a half-turn through the core geodesic. As we saw in Theorem 8.2, the existence of an acute hexagon does not, in general, ensure that the group is discrete and free.
It is easiest to prove the theorem below using the Farey dual.
Theorem 9.1 (Uniqueness of the Canonical Hexagon). If G has a skewacute hexagon H = H C −1 ,D for some pair of ρ * -primitives (C, D), then H is unique among all hexagons formed from ρ * -primitives in G.
In order to prove this theorem we need to use the relationship between pairs of ρ * -primitives of G and the Farey tessellation of the upper half plane.
9.1. The Farey Dual. Recall from Section 5 and Theorem 5.1 that we can identify the palindromic representatives of classes of primitive elements of the free group F = a, b with the rationals and that these are vertices of the Farey tessellation of the upper half plane by triangles. The vertices of the triangle can be labeled as left parent, right parent and child of the Farey triple defining the triangle. There is a natural dual graph (tree) to this tessellation, the Farey dual graph whose vertices are the triangles and whose edges are the sides of the triangles. Each vertex v in the Farey dual is trivalent and has a parent edge, e P (v) corresponding to the side of the triangle joining the parents and left and right edges, e L (v), e R (v) corresponding to the sides joining the left and right parent to the child, respectively. The vertex determines a triple of primitives in the free group: the triangle corresponding to v is determined by its three vertices which are rationals on R and each of these corresponds to a palindromic primitive.
3
Each vertex v has three neighboring vertices at the end of its edges which we denote by v L , v R and v P respectively
The representation ρ assigns to each primitive of the free group, a ρ * primitive. It thus induces a map from the Farey dual to triples of ρ * primitives. If the image group G is free, the ρ * primitives are primitives of G and the map from palindromic representatives of classes of ρ * primitive elements to the rationals is faithful. Each pair of ρ * primitives corresponds to a set of parents in the Farey tessellation and the parents and their child determine a vertex v in the Farey dual. On the other hand, given a vertex v, it corresponds to a triple of primitives, and the parents and child of v determine a hexagon H v . Thus, we see that ρ induces a map ρ * from the vertices of the Farey dual to hexagons of the image of ρ * : v → H v . 
Since we assumed H v was skew acute θ k was large so θ k+1 is small and H v L is skew-obtuse.
The details for v R are similar and are omitted.
An immediate corollary of Proposition 9.2 is Corollary 9.3. Let v be a vertex in γ ρ and suppose the hexagon H v is skewacute. Then all of the neighboring hexagons in the Farey graph correspond to skew-obtuse hexagons
Proof. Let H v be the skew-acute hexagon corresponding to a vertex v in γ ρ . By Proposition 9.2, each of the neighboring hexagons H v L , H v R corresponding to the vertices v L , v R of its left and right child is skew-obtuse. Consider H v P , the hexagon of the parent vertex; then H v is a left or right child of v P . If H v P is skew-acute, by Proposition 9.2, so H v cannot be skew-acute, proving the corollary.
Similar arguments also prove
Then at least one of the hexagons of its left and right children,
Proof. By Proposition 9.2, we may assume H v is skew-obtuse. Assume for the sake of argument the Procedure calls for an L-step. This means that the sides (L B k , A k ) in H v are obtuse and all the others are not. In particular, the sides (L A k , B k ) are not obtuse so the transport angle φ k along L A k is large. As we saw in the proof of Proposition 9.2, in H v R the transport angle around L k+1 = L A k is now φ k+1 = π − φ k ; thus it is small and H v R is skew-obtuse.
Suppose v is the k th vertex of γ ρ and thus corresponds to the k th step of the Procedure so that H v = H k is skew-obtuse. The choice of an L or R step depends on which pair of side is the obtuse pair. The obtuse axis side is replaced by the new axis side. That is, whether we make an L or R step, we keep two of the axis sides, and replace the third. Therefore the hyperbolic lengths of two of the sides remain the same and the hyperbolic length of the third is changed. In the next proposition we examine this more carefully. In the following, for the sake of readability, length will mean hyperbolic length and shorter or longer will refer to the relative hyperbolic lengths of the sides. Proof. The main point in the proof is that, by Lemma 3.10, the obtuse axis side is the longest axis side of the hexagon. (a) Suppose v ∈ γ ρ is a vertex with H v skew obtuse and the sides (L B k , A k ) are obtuse so that an L-step is called for. Again label the sides in H v L . In the proof above, we saw that in the resulting hexagon H v L , if it is skewobtuse, the obtuse sides are either, in terms of their labels in H v , (L k , B k ) so that the next step is an L-step, or (L * In the proof of Proposition 9.4, we saw that under the hypotheses, H v R is skew-obtuse and its obtuse sides are, in terms of their labels in H v , (L A k , A k B −1 k A k ). This means the new side is the longest side, so it is longer than any side in H v .
(b) The proof is the same as above with the appropriate changes of notation.
(c) Since H v is obtained from H v P by a step determined by the Procedure, it follows from parts (a) and (b) that the lengths of the axis sides in H v are all less than those of H v P .
Remark 9.1. Recall that the Cosine Rule that determines complex length of the obtuse axis side from the complex lengths of the half-turn sides. The opposite half-turn side is also obtuse so its transport angle is small. When the Procedure step is applied, the transport angle on this opposite side is changed into its supplement, changing the sign of its cosine in the formula. This implies the complex length of the new opposite side has changed, and so the hyperbolic length is shorter. In this sense, the new hexagon is "less obtuse".
Main Theorem #3: Finding the Canonical Hexagon
The heart of the proof of that the Procedure finds a skew-acute hexagon for a free, discrete and geometrically finite group is the following lemma.
Lemma 10.1. Suppose the group G = A, B is free, discrete and geometrically finite. Let H C,D be a hexagon found in Theorem 6.1 and suppose that H a,b is a skew acute hexagon found using the procedure. Then H a,b = H C,D .
Proof. Recall that a triangle in the Farey tessellation has one child and left and right parents whereas a vertex in the Farey dual has one parent and a left and right child.
Suppose that H a,b = H C,D . Let γ ρ be the Representation path and suppose it is finite.
Since G is free by hypothesis, the representation ρ therefore faithful and the ρ * -primitive pairs are primitive pairs of G. As we saw above, we therefore have an isomorphism between hexagons and triples of palindromic ρ * -primitives.
Let v 0 be the vertex of the Farey dual corresponding to the initial pair A 0 , B 0 . Let v n = v a,b be the vertex at the end of the path whose corresponding hexagon is H a,b = H vn . Let λ n be the rational corresponding to the child of the Farey triangle dual to v n . Let v * be the vertex of the Farey dual whose hexagon is H C,D and let λ * be the rational corresponding to the child of the triangle dual to v * .
There is a geodesic in the upper half plane joining λ n to λ * . It passes through a sequence of adjacent triangles, passing through any triangle at most once and so determines a path σ n * in the Farey dual from v n to v * . We now have two paths in the dual with initial point v n : σ n * and γ −1 ρ . By our assumption they have distinct endpoints. Note that because γ ρ travels from parent to child at each step, γ −1 ρ always takes the parent edge from each vertex. Therefore, since we have assumed the initial hexagon is not skew-acute, and v n = v * , there must be a vertex v k in the dual from which γ −1 ρ takes the parent edge and σ n * takes a child edge. Moreover, since v k is in γ ρ its hexagon H v k is skew-obtuse.
Suppose for the sake of argument that we reached v k via the edge from its left child. Then, the next vertex on γ −1 ρ is v k P , the end of the parent edge ar v k and the next vertex on σ n * is v k R . We apply Proposition 9.5 to H v k and deduce that H v k R has sides at least as long as those of H v k . Moreover, the proposition really shows that at a given vertex, there is only one edge to follow in order to decrease lengths, the parent edge. Taking either of the child edges increases lengths. Therefore, at any vertex of σ n * the only way to decrease lengths is to go backwards; going forwards the lengths are always increasing. Since H C,D was constructed by choosing the shortest possible geodesic that is the projection of the axis of a ρ * -primitive, we can never reach it along σ n * . It follows that σ n * has no edges and v n = v * . Proof. By the theorem that discrete and geometrically finite implies acute, G has a hexagon H C,D . If the Procedure does not stop, by Theorem 8.1, the group is either not free, not discrete or geometrically infinite. If it stops without finding a skew acute hexagon, it has found an elliptic element and the group is not free. If it stops by finding a skew acute hexagon, that hexagon must be the hexagon H C,D by Lemma 10.1.
